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Turing Machines

2A. M. Turing, ‘Systems of logic based on ordinals’, Proceedings of the London Mathematical Society, Series 2, 1939
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Simulating Turing Machines 
with Neural Networks

3A. M. Turing, ‘Systems of logic based on ordinals’, Proceedings of the London Mathematical Society, Series 2, 1939



Construction

• A Recurrent Neural Network of 886 processors (nodes)
• Rational weights
• No slow down (real time simulation)

4H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995Simulating TMs with NNs



Sigmoid

5Simulating TMs with NNs
H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995
J. Kilian and H. T. Siegelmann, ‘The Dynamic Universality of Sigmoidal Neural Networks’, Information and Computation, vol. 
128, 1996

Saturated linear function

𝜎 𝑥 = $
0 if 𝑥 < 0

𝑥 if 0 ≤ 𝑥 ≤ 1
1 if 𝑥 > 1



1−tape TM = 2−stack Push−Down
Automaton (PDA) &
1−tape TM = 2−stack PDA ⟹
𝑝−tape TM = 2𝑝−stack PDA

6Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995



Encoding values

𝜔 = 𝜔!𝜔"…𝜔#

𝛿 𝜔 = 𝛿 𝜔!𝜔"…𝜔# = /
$%!

#
𝜔$
2$

7Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995



10000101
100001010

8Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995



100000000000
011111111111

9Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995



Encoding binary strings

𝜔 = 𝜔!𝜔"…𝜔#

𝛿 𝜔 = 𝛿 𝜔!𝜔"…𝜔# = /
$%!

#
2𝜔$ + 1
4$

10Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995



Stack operations

11Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995

peek

top 𝑞 = 𝜎(4𝑞 − 2)

stack 𝑞 =(
!"#

$
2𝜔! + 1
4!

push 0

𝑞
4
+
1
4

𝑞
4
+
3
4

push 1

pop

4𝑞 − (2 top 𝑞 + 1)

non-empty stack

𝜎(4𝑞)



Layout of the construction

12Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995



13Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995

𝐹!

𝐹"

𝐹#

𝐹$
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𝐹!

𝐹"

𝐹#

𝐹$

(𝑥!, … , 𝑥", 𝑞!, … , 𝑞") ∈ ℚ#$"

Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995
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𝐹!

𝐹"

𝐹#

𝐹$

𝜁 𝑞% , 𝜏 𝑞% ∈ 0, 1 × {0, 1}

Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995

(top 𝑞! , non_empty(𝑞!))
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𝐹!

𝐹"

𝐹#

𝐹$
𝑥!" ≔ '

#$%

&

𝛽!# 𝜁[𝑞' , … , 𝜁[𝑞' ], 𝜏[𝑞!], … , 𝜏[𝑞(])𝑥#

𝛽!# 𝜁[𝑞' , … , 𝜁[𝑞' ], 𝜏[𝑞!], … , 𝜏[𝑞(]) = 1
⇔ there is a transition from 𝑗 to 𝑖 with
the conCiguration

𝛽 𝑑', 𝑑), … , 𝑑* 𝑥 = '
+$'

)!

𝑐+ 𝜎(𝑣+ K 𝜇)

Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995
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𝐹!

𝐹"

𝐹#

𝐹$

Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995

𝑞!" ≔ '
#$%

&

𝑦!#' 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥# × 𝑞!

+ '
#$%

&

𝑦!#) 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥#

×
1
4𝑞! +

1
4

+ '
#$%

&

𝑦!#, 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥#

×
1
4𝑞! +

1
4

+ '
#$%

&

𝑦!#- 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥#

× (4𝑞! − 2𝜁 𝑞! − 1)
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𝐹!

𝐹"

𝐹#

𝐹$

Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995

𝑞!" ≔ '
#$%

&

𝑦!#' 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥# × 𝑞!

+ '
#$%

&

𝑦!#) 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥#

×
1
4𝑞! +

1
4

+ '
#$%

&

𝑦!#, 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥#

×
1
4𝑞! +

1
4

+ '
#$%

&

𝑦!#- 𝑎', … , 𝑎(, 𝑏', … , 𝑏( 𝑥#

× (4𝑞! − 2𝜁 𝑞! − 1)



Construction

• An RNN of 886 processors (nodes)
• Rational weights
• No slow down (real time simulation)

19Simulating TMs with NNs H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995



Are Neural Networks 
more powerful than TMs?

20Simulating TMs with NNs

H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995
H. T. Siegelmann and E. D. Sontag, ‘Analog computation via neural networks’, Theoretical Computer Science, vol. 131, 1994
J. L. Balcazar, R. Gavalda, and H. T. Siegelmann, ‘Computational power of neural networks: a characterization in terms of 
Kolmogorov complexity’, IEEE Trans. Inform. Theory, vol. 43, Jul. 1997



Super-Turing computation

• NNs with rational weights = as powerful as Turing Machines
• NNs with real weights = more powerful than Turing Machines 

(Super-Turing!)
• Can decide any language in exponential time
• In polynomial time accept languages in P/poly

21Simulating TMs with NNs

H. T. Siegelmann and E. D. Sontag, ‘On the computational power of neural nets’, JCSS, 1995
H. T. Siegelmann and E. D. Sontag, ‘Analog computation via neural networks’, Theoretical Computer Science, vol. 131, 1994
J. L. Balcazar, R. Gavalda, and H. T. Siegelmann, ‘Computational power of neural networks: a characterization in terms of 
Kolmogorov complexity’, IEEE Trans. Inform. Theory, vol. 43, Jul. 1997



Mimicking Turing 
Machines
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Neural Turing Machines
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Neural Turing Machines

Neural Turing Machines 24A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



Reading Writing

erase

add

read vector

Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014

𝐫& ⟵<
%

𝑤& 𝑖 𝐌&(𝑖)

@𝐌&(𝑖) ⟵ 𝐌&'!(𝑖)[𝟏 − 𝑤&(𝑖)𝒆&]

𝐌& 𝑖 ⟵ @𝐌& 𝑖 + 𝑤&(𝑖)𝒂&



Addressing

26Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



Focusing by Content

27Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014

𝑤&'(𝑖) ⟵
exp(𝛽&𝐾[𝒌& , 𝐌&(𝑖)])
∑( exp(𝛽&𝐾[𝒌& , 𝐌&(𝑗)])



Focusing by Location
interpolation

convolutional shift

sharpening

28Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014

𝐰&
( ⟵ 𝑔&𝐰&

) + (1 − 𝑔&)𝐰&'!

H𝑤&(𝑖) ⟵ <
*+,

-'!

𝑤&
( 𝑗 𝑠&(𝑖 − 𝑗)

𝑤&(𝑖) ⟵
H𝑤&(𝑖).&

∑* H𝑤&(𝑗).&



Addressing

29Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



LSTM

• Small internal memory
• Less interpretable

• No internal memory
• More interpretable

Feed-forward

30Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



Experiments

31Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



Copy and Repeat Copy

copy repeat copy

32Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



Repeat Copy Generalisation

33Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



associative recall dynamic n-gram

priority sort
34Neural Turing Machines A. Graves, G. Wayne, and I. Danihelka, ‘Neural Turing Machines’, arXiv:1410.5401 [cs], Dec. 2014



Memory Networks
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Components

• 𝑰 (input feature map)
• convert 𝑥 to an internal representation 𝐼(𝑥)

• 𝑮 (generalisation)
• 𝑚! = 𝐺 𝑚!, 𝐼 𝑥 ,𝑚 ∀𝑖

• 𝑶 (output feature map)
• 𝑜 = 𝑂(𝐼(𝑥),𝑚)

• 𝑹 (response)
• 𝑟 = 𝑅(𝑜)

Memory Networks 36J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Basic model

memories stored at the next available slot

𝑘 relevant memories chosen by 𝑂

…
𝑜W = 𝑂W 𝑥,𝒎 = argmax!"#,…,X 𝑠Y( 𝑥,𝒎Y! , … ,𝒎Y" ,𝒎!)

37Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015

𝐦- = 𝑥,𝑁 = 𝑁 + 1

𝑜# = 𝑂# 𝑥,𝒎 = argmax!"#,…,X 𝑠Y(𝑥,𝒎!)

𝑜Z = 𝑂Z 𝑥,𝒎 = argmax!"#,…,X 𝑠Y( 𝑥,𝒎Y! ,𝒎!)



Basic model

choose best word to output

𝑟 = argmax[∈]𝑠^( 𝑥,𝒎Y! , … ,𝒎Y" , 𝑤)

38Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Training

minimise (for 𝑘 = 2)

39Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015

/
"̅#𝐦"#

max(0, 𝛾 − 𝑠% 𝑥,𝐦%# + 𝑠% 𝑥, ̅𝑓 )

+ /
"̅&#𝐦"$

max(0, 𝛾 − 𝑠% [𝑥,𝐦%#],𝐦%$ + 𝑠% [𝑥,𝐦%#], ̅𝑓′ )

+/
'̅#'

max(0, 𝛾 − 𝑠( 𝑥,𝐦%# , 𝐦%$ , 𝑟 + 𝑠( [𝑥,𝐦%# , 𝐦%$], 𝑟̅ )



Extensions

40Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Efficient memory via hashing

41Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Efficient memory via hashing

The capital of France is Paris

42Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Efficient memory via hashing

1. Train embedding matrix 𝑈C
2. Use K-Means to cluster word vectors (𝑈C)%

43Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Modelling write time

44Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015

𝑠C! 𝑥, 𝑦, 𝑦
D = ΦE 𝑥 F𝑈C!(ΦG 𝑦 − ΦG 𝑦D + Φ& 𝑥, 𝑦, 𝑦D )



Experiments

45Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Large-scale QA

• Open question answering (QA) on a 14M statement dataset 
(Fader et al. (2013))

46Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Simulated world QA

47Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015



Simulated world QA

48Memory Networks J. Weston, S. Chopra, and A. Bordes, ‘Memory Networks’, arXiv:1410.3916 [cs, stat], Nov. 2015
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