
The Locality of Maximal Matching

Manuela Fischer
ETH Zurich



Locality



Locality



Locality



Locality



Locality



LOCAL Model LinialώCh/{Ωутϐ



LOCAL Model LinialώCh/{Ωутϐ

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

Åunbounded computation

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

Åunbounded computation

ÅRound Complexity: 
number of roundsto solve the problem

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

Åunbounded computation

ÅRound Complexity: 
number of roundsto solve the problem

round complexity of a problem in the LOCAL model characterizes its locality

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

Åunbounded computation

ÅRound Complexity: 
number of roundsto solve the problem

round complexity of a problem in the LOCAL model characterizes its locality

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

Åunbounded computation

ÅRound Complexity: 
number of roundsto solve the problem

round complexity of a problem in the LOCAL model characterizes its locality

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

Åunbounded computation

ÅRound Complexity: 
number of roundsto solve the problem

round complexity of a problem in the LOCAL model characterizes its locality

standard synchronous message-passing model of distributed computing



LOCAL Model LinialώCh/{Ωутϐ

Åundirected graph Ὃ ὠȟὉ, 
n nodes, maximum degree ɝ

Åeach round, every node
Åreceives messages (sent in previous round)

Åperforms some computation 

Åsends message to all its neighbors

Åunbounded message size 

Åunbounded computation
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round complexity of a problem in the LOCAL model characterizes its locality

standard synchronous message-passing model of distributed computing

every problem is trivially solvable in ╞ἬἱἩἵἭἼἭἺrounds
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Classic LOCAL Graph Problems

ςɝ ρ-Edge-ColoringMaximal Matching

Easy centralized problems: greedy solutions. 
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Matching: 
set of non-incident edges 

Maximal:
no edge can be added

greedy property!
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can take ἬἱἩἵἭἼἭἺrounds 
in worst case

Random Numbers:

╞ἴἷἯ▪ rounds w.h.p.
Lubyώ{¢h/Ωурϐ
F., Noever ώ{h5!Ωмуϐ
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Overview of Results

Maximal Matching

Å Maximal Matching /ÌÏÇ ɝẗÌÏÇÎ

Å Randomized Maximal Matching    /ÌÏÇÌÏÇÎ ÌÏÇɝ  

Approximate Matching

Å ς ʀ- Approximate Maximum Matching / ÌÏÇ ɝẗÌÏÇÌÏÇ zÎ

Å ς ʀ- Approximate Maximum Weighted Matching / ÌÏÇ ɝẗÌÏÇÌÏÇ zÎ

Å ς ʀ- Approximate Maximum B-Matching / ÌÏÇ ɝẗÌÏÇÌÏÇ zÎ

Å ς ʀ- Approximate Maximum Weighted B-Matching / ÌÏÇ ɝẗÌÏÇÌÏÇ zÎ

Å ʀ - Maximal Matching / ÌÏÇɝẗÌÏÇ

Å ς ʀ- Approximate Minimum Edge Dominating Set / ÌÏÇɝẗÌÏÇ 



Constant - Approximate Bipartite Matching      ὕÌÏÇɝ rounds



Constant - Approximate Bipartite Matching      ὕÌÏÇɝ rounds



Constant - Approximate Bipartite Matching      ὕÌÏÇɝ rounds



I) 4 - Approximate Fractional Matching
 

 ὕÌÏÇ ɝ rounds 

Constant - Approximate Bipartite Matching      ὕÌÏÇɝ rounds



I) 4 - Approximate Fractional Matching
 

 ὕÌÏÇ ɝ rounds 

II) Rounding Fractional Bipartite Matching
 

 /ÌÏÇ ɝ ǊƻǳƴŘǎȟ/ρ loss

Constant - Approximate Bipartite Matching      ὕÌÏÇɝ rounds



I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

ρ

ψ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

ρ

ψ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

ρ

ψ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

ρ

ψ

ρ

τ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

ρ

ψ

ρ

τ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



Fractional Maximum Matching

ÍÁØ

ᶰ

ὼ

s.t.   for all ὺᶰὠ 

  ὼᶰπȟρ for all Ὡɴ Ὁ 

ᶰ

ὼ ρ

LOCAL Greedy Algorithm

 ὼ ςổ Ỗ for all Ὡɴ Ὁ 

 repeat until all edges are blocked 

    mark half-tight nodes

    block its edges

    double value of unblocked edges

ρ

ρφ

ρ

ψ

ρ

τ

v is half-tight if its value is  

I)   -Approximate Fractional Matching             ὕÌÏÇɝ rounds

value of v



I) 4-Approximate Fractional Matching
 

 ὕÌÏÇ ɝ rounds 

II) Rounding Fractional Bipartite Matching
 

/ÌÏÇ ɝ ǊƻǳƴŘǎȟ/ρ loss 

Constant - Approximate Bipartite Matching      ὕÌÏÇɝ rounds



II) Rounding Fractional Bipartite Matching             ὕÌÏÇɝ rounds, ὕρ loss



1

II) Rounding Fractional Bipartite Matching             ὕÌÏÇɝ rounds, ὕρ loss

ɱ
ρ

ɝ



1

Direct Rounding

II) Rounding Fractional Bipartite Matching             ὕÌÏÇɝ rounds, ὕρ loss

ɱ
ρ

ɝ



1

Direct Rounding

Gradual Rounding

II) Rounding Fractional Bipartite Matching             ὕÌÏÇɝ rounds, ὕρ loss

/ÌÏÇɝ ÉÔÅÒÁÔÉÏÎÓ

ɱ
ρ

ɝ



1

Factor-2-Rounding

Direct Rounding

Gradual Rounding

ṗ

II) Rounding Fractional Bipartite Matching             ὕÌÏÇɝ rounds, ὕρ loss

/ÌÏÇɝ ÉÔÅÒÁÔÉÏÎÓ

ɱ
ρ

ɝ

ρ

Ä

ς

Ä



1
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ṗ
using Locally Balanced Splitting,
inspired by 
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