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Discrete Event Systems



Why should you care?

Discrete Event Systems



Being based on natural phenomena,
Science is often explained by continous variables

GravitationMechanics Electrodynamic



Being based on natural phenomena,
Science is often explained by continous variables

GravitationMechanics Electrodynamic

solved by differential equations



Many complex systems are not continuous…



computer
systems

Somewhere inside Google datacenters



transportation
systems

NYC subway system



software
systems

amazon.com home page

http://amazon.com


Those systems are determined by
discrete events

Train arrivals

Customers requests

Telephone calls

Incoming data

Equipment failures

…



Design Discrete Event Systems

Model

Analyze

Test

Optimize

In this course, you’ll learn how to 



Design

Model

Analyze

Test

Optimize

some examples

automata & petri nets

average-, worst-case viewpoint

out of a specification

proof system properties

minimize the system size



Roger WattenhoferLaurent Vanbever Lothar Thiele

Stochastic processAutomatas Specification model

There will be 3 professors in the course

Part I Part II Part III



Roger WattenhoferLaurent Vanbever Lothar Thiele

Stochastic processAutomatas Specification model

Week 1-5 Week 6-10 Week 11-13



Course organization

Lectures

Exercices

Materials

Thursday 1pm-3pm

@ETZ 9

Thursday 3pm-5pm

@ETZ 9

http://www.disco.ethz.ch/lectures/des/

http://www.disco.ethz.ch/lectures/des/
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The imitation game (2014)

Benedict Cumberbatch Alan Turing (1912-1954)



Alan Turing (1912-1954)

created computer science 
as we know it

invented a universal computer 
model , the Turing machine

broke German cyphers, !
most notably Enigma

invented the Turing Test 
to distinguish human from machine

Brief CV



studied the fundamental 
limitations  of computers

invented a universal computer 
model , the Turing machine



Can a computer compute anything?



Given an arbitrary 

program P & an input I

Halting problem

Alan Turing, 1936

Decide whether P will

halt , eventually

loop , forever

when run on I



This problem cannot be solved

by a computer (no matter its power)



Many other problems were shown

to be ÒuncomputableÓ

https://en.wikipedia.org/wiki/List_of_undecidable_problems

https://en.wikipedia.org/wiki/List_of_undecidable_problems
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Given a set of dominos:

Make a list of them s.t.  

the top string equals  

the bottom one, e.g.

abc 
 
c 

a 
 
ab 

b 
 
ca 

ca 
 
a 

a 
 
ab 

(repetitions 

are allowed)

Post-correspondance

problem

Emil Post, 1946



In this part of the course,
we’ll learn about what is “computable” and “not”



regular

language

context-free

language

turing

machine

Part 1

Part 2

Part 3

vendor

machines

programming

languages

computer

WeÕll study three models of computation,

from the least powerful to the most

expressive

power



regular
language

context-free
language

turing
machine

Part 1

Part 2

Part 3

Automata & languages

A primer on the Theory of Computation



regular

language

context-free

language

turing

machine

Part 1

Automata & languages

A primer on the Theory of Computation



DeÞnition

Finite Automata

Part I: Regular Languages

Design

Examples

Regular operations

closure

union et al.

1

2

3

4
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!"#$%&'#$(#)*+),$-./"+)#

�{ (#)*+),$0./"+)#$*+12#)1#1$1&*.$3&4$56789$.$2&27
�{ ://#2;1$&)<=$*+0#1$>567?6@$.)*$AB.4;#41$>567C9@7
�{ �����š�•���Ç�}�µ�Œ���u�}�v���Ç���]�(���Ç�}�µ�����}�v�[�š���Z���À�������}�Œ�Œ�����š�����Z���v�P���X

�{ �z�}�µ�[�Œ�����š�}�o�����š�}���^�]�u�‰�o���u���v�š�_���š�Z�]�•���(�µ�v���š�]�}�v���o�]�š�Ç�X

1/1



Vending Machine Java Code

!"#$%&'(#)*+
,(- -"-$.%/%01%2",(3
45,.'%)-"-$.%6/%78*+

9'2',&')2",(*3
,:%))2",(//;0%<<%-"-$.//70*%
==)2",(//>8%<<%-"-$.?/>8**

9'@'2-)2",(*3
'.A'

-"-$.%B/%2",(3
C
9'-D9(%('4%!"#$)*3

C

1/2

Overkill?!?
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Why was this simpler than Java Code?

• Only needed two coin types “D” and “Q” 
– symbols/letters in alphabet

• Only needed 7 possible current total amounts

– states/nodes/vertices

• Much cleaner and more aesthetically pleasing than Java lingo

• Next: generalize and abstract…
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Alphabets and Strings

�{ Definitions:  

�{ An alphabet 6 is a set of symbols (characters, letters).  

�{ A string (or word) over 6 is a sequence of symbols.  

�t The empty string is the string containing no symbols at all, and is denoted by 

H.

�t The length of the string is the number of symbols, e.g. |H| = 0.
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Languages of Cardinality 1

�{ Answer:  Yes.

�{ �Y�µ���•�š�]�}�v�W�����,�µ�Z�M���t�Z���š�[�•���Á�Œ�}�v�P���Á�]�š�Z���š�Z�]�•�����µ�š�}�u���š�}�v�M�J�M��
What if the automation is in state q

1
���v�����Œ�������•�������^���_�M��

�{ Answer: 

This a first example of a nondeterministic FA. The difference between a 

deterministic FA (DFA) and a nondeterministic FA (NFA) is that every DFA 

state has one exiting transition arrow for each symbol of the alphabet.

�{ Question: Is there a way of fixing it and making it deterministic?
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!"#$%"&"'()$*$%+(,-.#+"(/0()$*$%+(1%"$*23

�{ 45+/"+.6(!77(0$*$%+(7&*2-&2+3(&"+("+2-7&"8

�{ 9"//06(

:*+(;&*(&7<&'3(;/*3%"-;%(&(%"++(<5/3+(7+&=+3(&"+(</">?+*>$*28(
@&A+(</">(+*>$*23($*%/(&;;+B%(3%&%+3C(&>>(&(0&$7(3$*A?3%&%+(&*>(
&>>(7$*A3(%/(%5+(0&$7(3%&%+(%/(0$*$35(%5+(;/*3%"-;%$/*8(

�^�]�v�������š�Z���Œ���[�•���}�v�o�Ç�������(�]�v�]�š�����v�µ�u�����Œ���}�(���(�]�v�]�š�����•�š�Œ�]�v�P�•�U��
%5+(&-%/.&%/*($3(0$*$%+8
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!"#$%"&"'()$*$%+(,-.#+"(/0()$*$%+(1%"$*23

• 45+/"+.6(!77(0$*$%+(7&*2-&2+3(&"+("+2-7&"8

• 9"//06(

:*+(;&*(&7<&'3(;/*3%"-;%(&(%"++(<5/3+(7+&=+3(&"+(</">?+*>$*28(
@&A+(</">(+*>$*23($*%/(&;;+B%(3%&%+3C(&>>(&(0&$7(3$*A?3%&%+(&*>(
&>>(7$*A3(%/(%5+(0&$7(3%&%+(%/(0$*$35(%5+(;/*3%"-;%$/*8(

Since there’s only a finite number of finite strings, 
%5+(&-%/.&%/*($3(0$*$%+8

• DE&.B7+(0/"(F#&*&*&C(*&#C(#&*C(#&##&G6

!

" "

!

"

# !

"

#

!

"

#
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!"#$%&'()*"'&+,-./

�{ 0-$(1&2(3&4"(5-1"(&5'-//(+3"('"#$%&'(-*"'&+,-./(63".(7-,.#(&74&.5"7(
/"&'53"/($+,%,8,.#(*'-#'&1/(/$53(&/(!"#$%9(!&'!( 9((!') 9((*+,-. 9("+5:((

�{ ;3"'"(&'"(<-$'( =&/,5(-*"'&+,-./ 6"(6,%%(6-'>(6,+3?
�t @.,-.
�t A-.5&+".&+,-.
�t B%""."CD+&'
�t B%""."CE%$/(F63,53(5&.(="(7"<,."7($/,.#(+3"(-+3"'(+3'""G
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!"#$%&'()*"'&+,-./( �t 0$11&',2,.#(3&4%"

Operation Symbol UNIX version Meaning

Union �ë |
Match one of the 

patterns

Concatenation �x implicit in UNIX
Match patterns in 

sequence

Kleene-star * *
Match pattern 0 or 

more times 

Kleene-plus + +
Match pattern 1 or 

more times
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!"#$%&'()*"'&+,)-./(0-,)-

�{ 1-(02134(+)(."&'56(7)'(&%%(%,-".(5)-+&,-,-#(8)9"%.(,-(&(+":+()-"(5)$%;($."(
+6"(5)<<&-;(
�± !"#!$ %& ! '(!(&()(* ’
�t �,���Œ�����š�Z�����‰���š�š���Œ�v���^vowel�_���]�•���u���š���Z���������Ç�����v�Ç���o�]�v�������}�v�š���]�v�]�v�P�������À�}�Á���o�X
�t =(#));(9&>(+)(;"7,-"(&(*&++"'-(,.(&.(&(."+()7(.+',-#.4(,?"?(&(%&-#$&#"?((

@6"(%&-#$&#"(7)'(&(#,8"-(*&++"'-(,.(+6"(."+()7(&%%(.+',-#.(.&+,.7>,-#(+6"(
*'";,5&+"()7(+6"(*&++"'-?
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Regular operations: Union

• In UNIX, to search for all lines containing vowels in a text one could use 

the command 

– egrep -i `a|e|i|o|u’
– Here the pattern “vowel” is matched by any line containing a vowel.
– A good way to define a pattern is as a set of strings, i.e. a language.  

The language for a given pattern is the set of all strings satisfying the 

predicate of the pattern.

• In UNIX, a pattern is implicitly assumed to occur as a substring of the 

matched strings. In our course, however, a pattern needs to specify

the whole string, not just a substring. 
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!"#$%&'()*"'&+,)-./(0-,)-

�{ 1-(02134(+)(."&'56(7)'(&%%(%,-".(5)-+&,-,-#(8)9"%.(,-(&(+":+()-"(5)$%;($."(
+6"(5)<<&-;(
�± !"#!$ %& ! '(!(&()(* �¶

�t �,���Œ�����š�Z�����‰���š�š���Œ�v���^!"#$%�_���]�•���u���š���Z���������Ç�����v�Ç���o�]�v�������}�v�š���]�v�]�v�P�������À�}�Á���o�X
�t =(#));(9&>(+)(;"7,-"(&(*&++"'-(,.(&.(&(."+()7(.+',-#.4(,?"?(&(%&-#$&#"?((

@6"(%&-#$&#"(7)'(&(#,8"-(*&++"'-(,.(+6"(."+()7(&%%(.+',-#.(.&+,.7>,-#(+6"(
*'";,5&+"()7(+6"(*&++"'-?

�{ 1-(02134(&(*&++"'-(,.(,<*%,5,+%>(&..$<";(+)()55$'(&.(&(.$A.+',-#()7(+6"(
<&+56";(.+',-#.?(1-()$'(5)$'."4(6)9"8"'4(&(*&++"'-(-"";.(+)(.*"5,7>
+6"(96)%"(.+',-#4(-)+(B$.+(&(.$A.+',-#?(

�{ C)<*$+&A,%,+>/(0-,)-(,.(":&5+%>(96&+(9"(":*"5+?(
17(>)$(6&8"(*&++"'-.(&'DE&&';8&'FG4((' DEA)A5&+G4()' D(E56,<*&-H""G4
+6"($-,)-()7(+6"."(,. &�‰(' �‰)' DE&&';8&'F4(A)A5&+4(56,<*&-H""G?
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!"#$%&'()*"'&+,)-./(0)-1&+"-&+,)-

�{ 2)(."&'13(4)'(&%%(1)-."1$+,5"(6)$7%"()11$''"-1".()4(5)8"%.9($."/(
�± !"#!$ %&' ! ( )*!*&*+*, -( )*!*&*+*, ���¶

�t �,���Œ�����š�Z�����‰���š�š���Œ�v���^!"#$%�_�����Z���•���������v���Œ���‰�����š�����X���W���Œ���v�š�Z���•���•���Z���À�����������v��
,-+')6$1"6(+)(.*"1,4:(83"'"(";&1+%:(,-(+3"(*&++"'-(+3"(1)-1&+"-&+,)-(,.(
)11$'',-# <
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!"#$%&'()*"'&+,)-./(0)-1&+"-&+,)-

�{ 2)(."&'13(4)'(&%%(1)-."1$+,5"(6)$7%"()11$''"-1".()4(5)8"%.9($."/(
�± egrep -i ! (a|e|i|o|u)(a|e|i|o|u���¶

�t �,���Œ�����š�Z�����‰���š�š���Œ�v���^!"#$%�_�����Z���•���������v���Œ���‰�����š�����X���W���Œ���v�š�Z���•���•���Z���À�����������v��
,-+')6$1"6(+)(.*"1,4:(83"'"(";&1+%:(,-(+3"(*&++"'-(+3"(1)-1&+"-&+,)-(,.(
)11$'',-#<

�{ 0)=*$+&7,%,+:/(0)-.,6"'(+3"(*'"5,)$.('".$%+/(
&'> ?&&'65&'@9(7)71&+9(13,=*&-A""B<(

C3"-(8"(1)-1&+"-&+"( &'8,+3(,+."%4(8"()7+&,-/
&�x&'('?&&'65&'@9(7)71&+9(13,=*&-A""B(�x?&&'65&'@9(7)71&+9(13,=*&-A""B(>(
?&&'65&'@&&'65&'@9(&&'65&'@7)71&+9(&&'65&'@13,=*&-A""9(
7)71&+&&'65&'@9(7)71&+7)71&+9(7)71&+13,=*&-A""9(
13,=*&-A""&&'65&'@9(13,=*&-A""7)71&+9(13,=*&-A""13,=*&-A"" B
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?)<"%.(@,-4%$A,-#(+5"(";*+>(%,-"B/
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���¶

�t 7)+"/(C(&-A(D(&'"(.*"4,&%(.>;E)%.(,-(6789('"#$%&'(":*'"..,)-.(<5,45(
'".*"4+,?"%>(&-45)'(+5"(*&++"'-(&+(+5"(!"#$%%$%#&-A("%&)=(&(%,-"F(
G5"(+',4H(&E)?"(4&-(E"($."A(+)(4)-?"'+(&->(I);*$+&E,%,+>('"#$%&'
":*'"..,)-(,-+)(&-("J$,?&%"-+(6789(=)';F



1/44

!"#$%&'()*"'&+,)-./(0%""-"12

�{ 3"(4)-+,-$"(+5"(6789(":&;*%"/(-)<(."&'45(=)'(%,-".(4)-.,.+,-#(*$'"%>()=(
?)<"%.(@,-4%$A,-#(+5"(";*+>(%,-"B/
�± !"#!$ %&'()* +,!,&,-,. )*$’
�t 7)+"/(C(&-A(D(&'"(.*"4,&%(.>;E)%.(,-(6789('"#$%&'(":*'"..,)-.(<5,45(

'".*"4+,?"%>(&-45)'(+5"(*&++"'-(&+(+5"(!"#$%%$%#&-A("%&)=(&(%,-"F(
G5"(+',4H(&E)?"(4&-(E"($."A(+)(4)-?"'+(&->(I);*$+&E,%,+>('"#$%&'
":*'"..,)-(,-+)(&-("J$,?&%"-+(6789(=)';F

�{ I);*$+&E,%,+>/((K$**)."(<"(5&?"(&(%&-#$&#"('( L(ME&N(-&OF(
P$".+,)-/((35&+(,.(+5"(%&-#$&#"(' 2Q
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�{ 3"(4)-+,-$"(+5"(6789(":&;*%"/(-)<(."&'45(=)'(%,-".(4)-.,.+,-#(*$'"%>()=(
?)<"%.(@,-4%$A,-#(+5"(";*+>(%,-"B/
�± !"#!$ %&'()* +,!,&,-,. )*$’
�t 7)+"/(C(&-A(D(&'"(.*"4,&%(.>;E)%.(,-(6789('"#$%&'(":*'"..,)-.(<5,45(

'".*"4+,?"%>(&-45)'(+5"(*&++"'-(&+(+5"(!"#$%%$%#&-A("%&)=(&(%,-"F(
G5"(+',4H(&E)?"(4&-(E"($."A(+)(4)-?"'+(&->(I);*$+&E,%,+>('"#$%&'
":*'"..,)-(,-+)(&-("J$,?&%"-+(6789(=)';F

�{ I);*$+&E,%,+>/((K$**)."(<"(5&?"(&(%&-#$&#"('( L(ME&N(-&OF(
P$".+,)-/((35&+(,.(+5"(%&-#$&#"(' 2Q

�{ R-.<"'/( '( 2(L(M(E&N-&O2(L(M�HN(E&N(-&N(E&E&N(E&-&N(-&E&N(-&-&N
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"D*+@(%,-"E/
– !"#!$ %& '() *+!+&+,+- )+$’

�{ F)D*$+&G,%,+@/(

H$**)."( B"(8&A"(&(%&-#$&#"(*#I(JG&K(-&L;(
M8&+(,.(* 2 &-:(8)B(:)".(,+(:"9"'(9')D( * 5N
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Regular operations: Kleene-+

• Kleene-+ is just like Kleene-* except that the pattern is forced to 

occur at least once.

• UNIX:  search for lines consisting purely of vowels (not including the 

empty line):

– egrep -i `^(a|e|i|o|u)+$’

• Computability: 

Suppose we have a language B = {ba, na}. 

What is B+ and how does it defer from B*?

B+ = {ba, na}+ = {ba, na, baba, bana, naba, nana, bababa, babana, 

banaba, banana, nababa, nabana, nanaba, nanana, babababa, 

bababana, … }

The only difference is the absence of H
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Closure of Regular Languages

• When applying regular operations to regular languages, regular languages 

result.  That is, regular languages are closed under the operations of 

union, concatenation, and Kleene-*.  

• Goal:  Show that regular languages are closed under regular operations. 

In particular, given regular languages L
1 

and L
2
, show:

1. L
1 
�‰L

2 
is regular,

2. L
1 
�xL

2 
is regular,

3. L
1
* is regular.

• No.’s 2 and 3 are deferred until we learn about NFA’s. 
• However, No. 1 can be achieved immediately.
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Union Example

• Problem:  Draw the FA for 

L = { x � {0,1}* | |x|=even or x ends with 11}
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Let’s start by drawing M
1

and M
2
, 

the automaton recognizing L
1

and L
2

• L
1

= { x � {0,1}* | x has even length}

• L
2

= { x � {0,1}* | x ends with 11 }
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Cartesian Product Construction 

• We want to construct a finite automaton M that recognizes 

any strings belonging to L
1 

or L
2
.

• Idea:  Build M such that it simulates both M
1 

and M
2

simultaneously

and accept if either of the automatons accepts
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Cartesian Product Construction 

• We want to construct a finite automaton M that recognizes 

any strings belonging to L
1 

or L
2
.

• Idea:  Build M such that it simulates both M
1 

and M
2

simultaneously

and accept if either of the automatons accepts

• Definition:  The Cartesian product of two sets A and B,
denoted by 𝐴 × B, is the set of all ordered pairs (a,b) 

where a�•A and b�•B.
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Formal Definition

• Given two automata 
𝑀1 = (𝑄1, Σ, 𝛿1, 𝑞1, 𝐹1) and 𝑀2 = (𝑄2, Σ, 𝛿2, 𝑞2, 𝐹2)

• Define the unioner of M1 and M2 by:
𝑀∪ = (𝑄1 × 𝑄2, Σ, 𝛿1 × 𝛿2, (𝑞1, 𝑞2), 𝐹∪)

- where the accept state 𝑞1, 𝑞2 is the combined start state
of both automata

- where 𝐹∪ is the set of ordered pairs in 𝑄1 × 𝑄2with at least one 
state an accept state. That is: 𝐹∪ = 𝑄1 × 𝐹2 ∪ 𝐹1 × 𝑄2

- where the transition function d is defined as 
𝛿 𝑞1, 𝑞2 , 𝑗 = 𝛿1 𝑞1, 𝑗 , 𝛿2 𝑞2, 𝑗 = 𝛿1 × 𝛿2
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Union Example: !
1
�‰!

2

�{ When using the Cartesian Product Construction:

!

"

! !

!

!

!

"
"

"

""
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!"#$%&'()*"%+'",()*-&.)"$%*$'"(%

�‡ !"#$%&'()*"%+'",()*&-%$&.(**,/0$1&2(%&$3-4.0$&-)&,)"$%*$'"(%5

�‡ 6''$."& ()07&8#$)&/("#&$)9,):&*"-"$*&-%$&-''$."&*"-"$*;&<(&"#$&()07&
9,22$%$)'$&,*&,)&"#$&*$"&(2&-''$."&*"-"$*;&&=(%4-007&"#$&,)"$%*$'"(%(2&
> ?&-)9 > @,*&:,A$)&/7
𝑀∩ = 𝑄1 × 𝑄2, Σ, 𝛿1 × 𝛿2, 𝑞0,1, 𝑞0,2 , 𝐹∩ , 8#$%$&𝐹∩ = 𝐹1 × 𝐹2;
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Other constructions: Intersector

• Other constructions are possible, for example an intersector:

• Accept only when both ending states are accept states. So the only 
difference is in the set of accept states.  Formally the intersector of 
M1 and M2 is given by
𝑀∩ = 𝑄1 × 𝑄2, Σ, 𝛿1 × 𝛿2, 𝑞0,1, 𝑞0,2 , 𝐹∩ , where 𝐹∩ = 𝐹1 × 𝐹2.

(b,y)(b,x)

(a,x) (a,y) (a,z)

(b,z)

0
1

0 0

0

0

0

1
1

1

11
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Other constructions: Difference

• The difference of two sets is defined by A - B = {x � A | x � B}

• In other words, accept when first automaton accepts and 
second does not

𝑀− = (𝑄1 × 𝑄2, Σ, 𝛿1 × 𝛿2, 𝑞0,1, 𝑞0,2 , 𝐹−),
where 𝐹− = 𝐹1 × 𝑄2 − 𝑄1 × 𝐹2
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Other constructions: Difference

• The difference of two sets is defined by A - B = {x � A | x � B}

• In other words, accept when first automaton accepts and 
second does not

𝑀− = (𝑄1 × 𝑄2, Σ, 𝛿1 × 𝛿2, 𝑞0,1, 𝑞0,2 , 𝐹−),
where 𝐹− = 𝐹1 × 𝑄2 − 𝑄1 × 𝐹2

(b,y)(b,x)

(a,x) (a,y) (a,z)

(b,z)

0
1

0 0

0

0

0

1
1

1

11



Other constructions: Symmetric difference

• The symmetric difference of two sets A, B is A�B =A�B - A�B
• Accept when exactly one automaton accepts:

𝑀⊕ = (𝑄1 × 𝑄2, Σ, 𝛿1 × 𝛿2, 𝑞0,1, 𝑞0,2 , 𝐹⊕), where 𝐹⊕ = 𝐹∪ − 𝐹∩
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Other constructions: Symmetric difference

• The symmetric difference of two sets A, B is A�B =A�B - A�B
• Accept when exactly one automaton accepts:

�/ �R 
L �:�3�5 
H�3�6�á�-�á�Ü�5 
H�Ü�6�á�M�4�á�5�á�M�4�á�6 �á�(�R�;, where �(�R 
L �(�ë 
F �(�ê
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(b,y)(b,x)

(a,x) (a,y) (a,z)

(b,z)

0
1

0 0

0

0

0

1
1

1

11
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Complement

• How about the complement? The complement is only defined 
with respect to some universe.

• Given the alphabet 6, the default universe is just the set of all 
possible strings 6*. Therefore, given a language L over 6, i.e. 
L � 6* the complement of L is 6* - L

• Note:  Since we know how to compute set difference, and we 
know how to construct the automaton for 6* we can construct 
the automaton for CL .
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Complement

• How about the complement? The complement is only defined 
with respect to some universe.

• Given the alphabet 6, the default universe is just the set of all 
possible strings 6*. Therefore, given a language L over 6, i.e. 
L � 6* the complement of L is 6* - L

• Note:  Since we know how to compute set difference, and we 
know how to construct the automaton for 6* we can construct 
the automaton for CL .

• Question: Is there a simpler construction forCL ? 
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Complement

• How about the complement? The complement is only defined 
with respect to some universe.

• Given the alphabet 6, the default universe is just the set of all 
possible strings 6*. Therefore, given a language L over 6, i.e. 
L � 6* the complement of L is 6* - L

• Note:  Since we know how to compute set difference, and we 
know how to construct the automaton for 6* we can construct 
the automaton for CL .

• Question: Is there a simpler construction forCL ? 

• Answer: Just switch accept-states with non-accept states.
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Complement Example

x y z
1

0

0

1

1

Original:

x y z
1

0

0

1

1

Complement: yx
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Boolean-Closure Summary

• We have shown constructively that regular languages are closed under 

boolean operations.  I.e., given regular languages L
1 

and L
2 

we saw that:

1. L
1 
� L

2 
is regular,

2. L
1 
� L

2 
is regular,

3. L
1
-L

2 
is regular,

4. L
1 
� L

2 
is regular,

5. CL
1

is regular.

• No. 2 to 4 also happen to be regular operations. We still need to show 

that regular languages are closed under concatenation and Kleene-*.

• Tough question: Can’t we do a similar trick for concatenation?


