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Discrete Event Systems



Why should you care?

Discrete Event Systems



Being based on natural phenomena,
Science is often explained by continuous variables

GravitationMechanics Electrodynamic



Being based on natural phenomena,
Science is often explained by continuous variables

GravitationMechanics Electrodynamic

solved by differential equations



Many complex systems are not continuous…



computer
systems

Somewhere inside Google datacenters



transportation
systems

NYC subway system



software
systems

amazon.com home page

http://amazon.com


Those systems are determined by
discrete events

Train arrivals

Customers requests

Telephone calls

Incoming data

Equipment failures

…



Design Discrete Event Systems

Model

Analyze

Test

Optimize

In this course, you’ll learn how to 



Design

Model

Analyze

Test

Optimize

some examples

automata & petri nets

average-, worst-case viewpoint

out of a specification

proof system properties

minimize the system size



Roger WattenhoferLaurent Vanbever Lothar Thiele

Stochastic processAutomatas Specification model

There will be 3 professors in the course

Part I Part II Part III



Roger WattenhoferLaurent Vanbever Lothar Thiele

Stochastic processAutomatas Specification model

Week 1-5 Week 6-10 Week 11-13



Course organization

Lectures

Exercices

Materials

Thursday 1pm-3pm

@ETZ 9

Thursday 3pm-5pm

@ETZ 9

http://www.disco.ethz.ch/lectures/des/

http://www.disco.ethz.ch/lectures/des/
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The imitation game (2014)

Benedict Cumberbatch Alan Turing (1912-1954)



Alan Turing (1912-1954)

created computer science 
as we know it

invented a universal computer 
model , the Turing machine

broke German cyphers, !
most notably Enigma

invented the Turing Test 
to distinguish human from machine

Brief CV



studied the fundamental 
limitations  of computers

invented a universal computer 
model , the Turing machine



Can a computer compute anything?



Given an arbitrary 

program P & an input I

Halting problem

Alan Turing, 1936

Decide whether P will

halt , eventually

loop , forever

when run on I



This problem cannot be solved

by a computer (no matter its power)



Many other problems were shown

to be ÒuncomputableÓ

https://en.wikipedia.org/wiki/List_of_undecidable_problems

https://en.wikipedia.org/wiki/List_of_undecidable_problems
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Given a set of dominos:

Make a list of them s.t.  

the top string equals  

the bottom one, e.g.

abc 
 
c 

a 
 
ab 

b 
 
ca 

ca 
 
a 

a 
 
ab 

(repetitions 
are allowed)

Post-correspondance

problem
Emil Post, 1946



In this part of the course,

weÕll learn about what is ÒcomputableÓ and ÒnotÓ



regular

language

context-free

language

turing

machine

Part 1

Part 2

Part 3

vendor

machines

programming

languages

computer

WeÕll study three models of computation,

from the least powerful to the most

expressive

power



regular

language

context-free

language

turing

machine

Part 1

Part 2

Part 3

Automata & languages

A primer on the Theory of Computation



regular
language

context-free
language

turing
machine

Part 1

Automata & languages

A primer on the Theory of Computation



Definition

Finite Automata

Part I: Regular Languages

Design

Examples

Regular operations

closure

union et al.

1

2

3

4

Thu Sept 22



The Coke Vending Machine

�{ Vending machine dispenses soda for $0.45 a pop.

�{ Accepts only dimes ($0.10) and quarters ($0.25).

�{ �����š�•���Ç�}�µ�Œ���u�}�v���Ç���]�(���Ç�}�µ�����}�v�[�š���Z���À�������}�Œ�Œ�����š�����Z���v�P���X

�{ �z�}�µ�[�Œ�����š�}�o�����š�}���^�]�u�‰�o���u���v�š�_���š�Z�]�•���(�µ�v���š�]�}�v���o�]�š�Ç�X
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Overkill?!?



1/3

Why this was overkill…

• !"#$%#&'()*+%#",'+)-"'.""#')/01#$'20#&'."30/"'*0(415"/,6
– 7/'8)-)9'30/'5+)5'()55"/6

• Don’t really need int’s6''
– :)*+' %#5%#5/0$1*",';<; 40,,%.%2%5%",6

• Don’t need to know how to add integers to model vending machine
– 505)2'=>'*0%#6

• 8)-)'&/)(()/9'%3 ?5+"#?"2,"9'"5*6'*0(42%*)5"'5+"'",,"#*"6
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�s���v���]�v�P���D�����Z�]�v�����^�>�}�P�]���•�_
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Why was this simpler than Java Code?

• Only needed two coin types “D” and “Q” 
– symbols/letters in alphabet

• Only needed 7 possible current total amounts

– states/nodes/vertices

• Much cleaner and more aesthetically pleasing than Java lingo

• Next: generalize and abstract…
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!"#$%&'()*%+,*-(./+0)

�{ 1'2/+/(/3+)4**

�{ !+*%"#$%&'(*�6/)*%*)'(*32*)56&3") 78$%.%8('.)9*"'(('.):;**
�{ !* )(./+0 73.*<3.,:*3='.*�6/)*%*)'>?'+8'*32*)56&3");**

�t @$'*'6#(5*)(./+0*/)*($'*)(./+0*83+(%/+/+0*+3*)56&3")*%(*%""9*%+,*/)*,'+3(',*&5*
�H;

�t @$'*"'+0($*32*($'*)(./+0*/)*($'*+?6&'.*32*)56&3")9*';0;*A�HA*B*C;



1/7

!"#$%&'($)

*+ ,-.%/&$/�60
1+ ,-.%/.2#/$'3#/4''5/'2/6.5/$%2&(4$0

7+ ,-.%/5'#$/ �H$&4(&89/-#2#0
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Finite Automaton Example

!

"

!

"

! ! " " !

!"

sourceless

arrow 

denotes 

“start”

double

circle

denotes

“accept”

input put

on tape

read left

to right

What strings are “accepted”?
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!"#$%&'()*+,+-+",'"*'%'!+,+-)'./-"$%-",

.' *+,+-)'%/-"$%-", 0!.1'+2'%'34-/5&)'�:�3�á�-�á�Ü�á�M�4�á�(�;678)#)
�{ 9 +2'%'*+,+-)'2)-':%&&);'-8)'2-%-)2

�{ �6+2'%'*+,+-)'2)-':%&&);'-8)'%&58%<)-
�� �Ü�ã�3 
H�- �\ �3+2'-8)'-#%,2*"#$%-+",'*/,:-+",
�� �M�4 �Ð�3+2'-8)'2-%#-'2-%-)
�� �( �C�3+2'-8)'2)-'"*'%::)5-'2-%-)2'0%=>=%='*+,%&'2-%-)21=
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!"#$%&'()*+,+-+",'"*'%'!+,+-)'./-"$%-",

.' *+,+-)'%/-"$%-", 0!.1'+2'%'34-/5&)'(𝑄, Σ, 𝛿, 𝑞0, 𝐹)678)#)
• 9 +2'%'*+,+-)'2)-':%&&);'-8)'2-%-)2

• 6 +2'%'*+,+-)'2)-':%&&);'-8)'%&58%<)-
• 𝛿: 𝑄 × Σ → 𝑄 +2'-8)'-#%,2*"#$%-+",'*/,:-+",
• 𝑞0 ∈ 𝑄 +2'-8)'2-%#-'2-%-)
• 𝐹 ⊆ 𝑄 +2'-8)'2)-'"*'%::)5-'2-%-)2'0%=>=%='*+,%&'2-%-)21=

• The “input string” and the tape containing it are implicit in the definition. 
?8)';)*+,+-+",'",&@';)%&2'7+-8'-8)'static A+)7=''

Further explaining is needed for understanding how FA’s interact with 
-8)+#'+,5/-=
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Accept States

• How does an FA operate on strings? 

Imagine an auxiliary tape containing the string. 

The FA reads the tape from left to right with each new character

causing the FA to go into another state.  

When the string is completely read, the string is accepted 

depending on whether the FA’s final state was an accept state.
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Accept States

• How does an FA operate on strings? 

Imagine an auxiliary tape containing the string. 

The FA reads the tape from left to right with each new character

causing the FA to go into another state.  

When the string is completely read, the string is accepted 

depending on whether the FA’s final state was an accept state.

• Definition:  A string u is accepted by an automaton M iff (if and only if )
the path starting at q

0 
which is labeled by u ends in an accept state.
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!""#$%&'%(%#)

�{ *+,&-+#)&(.&/!&+$#0(%#&+.&)%01.2)3&

45(21.#&(.&(67181(09&%($#&"+.%(1.1.2&%:#&)%01.2;&

<:#&/!&0#(-)&%:#&%($#&=0+5&8#=%&%+&012:%&,1%:&#(":&.#,&":(0("%#0
"(6)1.2&%:#&/!&%+&2+&1.%+&(.+%:#0&)%(%#;&&

>:#.&%:#&)%01.2&1)&"+5$8#%#89&0#(-?&%:#&)%01.2&1)&(""#$%#-&
�����‰���v���]�v�P���}�v���Á�Z���š�Z���Œ���š�Z�����&���[�•���(�]�v���o���•�š���š�����Á���•�����v�����������‰�š���•�š���š���X

�{ @#=1.1%1+.A&&!&)%01.2&u 1)&(""#$%#-B9&(.&(6%+5(%+.&C&1==Dif and only if E
%:#&$(%:&)%(0%1.2&(%&qF&,:1":&1)&8(B#8#-&B9&u #.-)&1.&(.&(""#$%&)%(%#;

�{ <:1)&-#=1.1%1+.&1)&)+5#,:(%&1.=+05(8;&<+&0#(889&-#=1.#&,:(%&1%&5#(.)&=+0&(&
)%01.2&%+&8(B#8&(&$(%:?&9+6&.##-&%+&B0#(G&u 6$&1.%+&1%)&)#H6#."#&+=&
":(0("%#0)&(.-&($$89&d 0#$#(%#-89?&G##$1.2&%0("G&+=&)%(%#);
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Language

• Definition: 

The language accepted by an finite automaton M is the set of all strings 

which are accepted by M. The language is denoted by L(M). 

We also say that M recognizes L(M), or that M accepts L(M).

• Think of all the possible ways of getting from the start to any accept state. 
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Language

�{ Definition: 

The language accepted by an finite automaton M is the set of all strings 

which are accepted by M. The language is denoted by L(M). 

We also say that M recognizes L(M), or that M accepts L(M).

�{ Think of all the possible ways of getting from the start to any accept state.

�{ We will eventually see that not all languages can be described as the 

accepted language of some FA. 

�{ A language L is called a regular language if there exists a FA M that 

recognizes the language L. 
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Designing Finite Automata

• This is essentially a creative process…

• “You are the automaton” method
– Given a language (for which we must design an automaton).

– Pretending to be automaton, you receive an input string.

– You get to see the symbols in the string one by one.

– After each symbol you must determine whether string 

seen so far is part of the language.

– Like an automaton, you don’t see the end of the string, 
so you must always be ready to answer right away.

• Main point: What is crucial, what defines the language?!
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Find the automata for…

1) 6 = {0,1},

Language consists of all strings with odd number of ones.

2) 6 = {0,1},

Language consists of all strings with substring “001”, 
for example 100101, but not 1010110101.

More examples in the book and in the exercises…
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!"#$%$&$'%('#()"*+,-.(/-%*+-*"

�{ )"0-,,(&1"(2"#$%$&$'%('#(-(."*+,-.(,-%*+-*"3(

4(,-%*+-*"(!"$5(0-,,"2(-(."*+,-.(,-%*+-*" $#(&1"."("6$5&5(
-(74(# &1-&(."0'*%$8"5(&1"(,-%*+-*"(/9

�{ :"(;'+,2(,$<"(&'(+%2".5&-%2(;1-&(&=>"5('#(,-%*+-*"5(-."(."*+,-.9((
/-%*+-*"5('#(&1$5(&=>"(-."(-?"%-@,"(&'(5+>".A#-5&(."0'*%$&$'%9(
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Definition of Regular Language

• Recall the definition of a regular language: 

A language L is called a regular language if there exists 

a FA M that recognizes the language L.

• We would like to understand what types of languages are regular.  

Languages of this type are amenable to super-fast recognition. 

• Are the following languages regular?

– Unary prime numbers: { 11, 111, 11111, 1111111, 11111111111, … }
= {12, 13, 15, 17, 111, 113, … } = { 1p | p is a prime number }

– Palindromic bit strings: {H, 0, 1, 00, 11, 000, 010, 101, 111, …} 
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!"#"$%&'(#)*()%+

• ,--&$.%&/0%1"2*+&%3(4/-%+&.(5&$.%&62--27"#)&/02/%0$8&"#&92442#:&&
infinite !"#$%&"'%()

• ;%620%&-22<"#)&($&"#6"#"$%&-(#)*()%+=&7%&+.2*-5-22<&($&6"#"$%&-(#)*()%+>
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!"#"$%&'(#)*()%+

�{ ,--&$.%&/0%1"2*+&%3(4/-%+&.(5&$.%&62--27"#)&/02/%0$8&"#&92442#:&&
infinite cardinality

�{ ;%620%&-22<"#)&($&"#6"#"$%&-(#)*()%+=&7%&+.2*-5-22<&($&6"#"$%&-(#)*()%+>

�{ ?*%+$"2#:&

@+&$.%&+"#)-%$2#&-(#)*()%&92#$("#"#)&2#%&+$0"#)&0%)*-(0A&&
!20&%3(4/-%=&"+&$.%&-(#)*()%&BC(#(#(D&0%)*-(0A
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!"#$%"$&'()*(+",-.#"/.01(2

�{ 3#'4&,5((6&'7
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!"#$%"$&'()*(+",-.#"/.01(2

�{ 3#'4&,5((6&'7

�{ �Y�µ���•�š�]�}�v�W�����,�µ�Z�M���t�Z���š�[�•���Á�Œ�}�v�P���Á�]�š�Z���š�Z�]�•�����µ�š�}�u���š�}�v�M�J�M��
89"0(.*(09&("%0):"0.)#(.'(.#('0"0&(;2 ���v�����Œ�������•�������^���_�M��



1/25

!"#$%"$&'()*(+",-.#"/.01(2

�{ 3#'4&,5((6&'7

�{ �Y�µ���•�š�]�}�v�W�����,�µ�Z�M���t�Z���š�[�•���Á�Œ�}�v�P���Á�]�š�Z���š�Z�]�•�����µ�š�}�u���š�}�v�M�J�M��
89"0(.*(09&("%0):"0.)#(.'(.#('0"0&(;2 ���v�����Œ�������•�������^���_�M��

�{ 3#'4&,5(

<9.'("(*.,'0(&=":>/&()*("(#)#-&0&,:.#.'0.? @37(<9&(-.**&,&#?&(A&04&&#("(
-&0&,:.#.'0.?(@3(BC@3D("#-("(#)#-&0&,:.#.'0.?(@3(BE@3D(.'(09"0(&F&,1(C@3(
'0"0&(9"'()#&(&=.0.#$(0,"#'.0.)#(",,)4(*),(&"?9('1:A)/()*(09&("/>9"A&07
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!"#$%"$&'()*(+",-.#"/.01(2

�{ 3#'4&,5((6&'7

�{ �Y�µ���•�š�]�}�v�W�����,�µ�Z�M���t�Z���š�[�•���Á�Œ�}�v�P���Á�]�š�Z���š�Z�]�•�����µ�š�}�u���š�}�v�M�J�M��
89"0(.*(09&("%0):"0.)#(.'(.#('0"0&(;2 ���v�����Œ�������•�������^���_�M��

�{ 3#'4&,5(

<9.'("(*.,'0(&=":>/&()*("(#)#-&0&,:.#.'0.? @37(<9&(-.**&,&#?&(A&04&&#("(
-&0&,:.#.'0.?(@3(BC@3D("#-("(#)#-&0&,:.#.'0.?(@3(BE@3D(.'(09"0(&F&,1(C@3(
'0"0&(9"'()#&(&=.0.#$(0,"#'.0.)#(",,)4(*),(&"?9('1:A)/()*(09&("/>9"A&07

�{ G%&'0.)#5(H'(09&,&("(4"1()*(*.=.#$(.0("#-(:"I.#$(.0(-&0&,:.#.'0.?J



1/28

!"#$%"&"'()$*$%+(,-.#+"(/0()$*$%+(1%"$*23

�{ 45+/"+.6(!77(0$*$%+(7&*2-&2+3(&"+("+2-7&"8
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Arbitrary Finite Number of Finite Strings

�{ Theorem: All finite languages are regular.

�{ Proof: 

One can always construct a tree whose leaves are word-ending. 

Make word endings into accept states, add a fail sink-state and 

add links to the fail state to finish the construction. 

�^�]�v�������š�Z���Œ���[�•���}�v�o�Ç�������(�]�v�]�š�����v�µ�u�����Œ���}�(���(�]�v�]�š�����•�š�Œ�]�v�P�•�U��
the automaton is finite.
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Arbitrary Finite Number of Finite Strings

�{ Theorem: All finite languages are regular.

�{ Proof: 

One can always construct a tree whose leaves are word-ending. 

Make word endings into accept states, add a fail sink-state and 

add links to the fail state to finish the construction. 

�^�]�v�������š�Z���Œ���[�•���}�v�o�Ç�������(�]�v�]�š�����v�µ�u�����Œ���}�(���(�]�v�]�š�����•�š�Œ�]�v�P�•�U��
the automaton is finite.

�{ Example for {banana, nab, ban, babba}:

b
a a

b

a

n b

a

n

b

a
n
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!"#$%&'()*"'&+,-./

�{ 0-$(1&2(3&4"(5-1"(&5'-//(+3"('"#$%&'(-*"'&+,-./(63".(7-,.#(&74&.5"7(
/"&'53"/($+,%,8,.#(*'-#'&1/(/$53(&/(emacs9(egrep9(perl9(python9("+5:((

�{ ;3"'"(&'"(<-$'( =&/,5(-*"'&+,-./ 6"(6,%%(6-'>(6,+3?
�t @.,-.
�t A-.5&+".&+,-.
�t B%""."CD+&'
�t B%""."CE%$/(F63,53(5&.(="(7"<,."7($/,.#(+3"(-+3"'(+3'""G
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!"#$%&'()*"'&+,-./( �t 0$11&',2,.#(3&4%"

Operation Symbol UNIX version Meaning

Union �ë |
Match one of the 

patterns

Concatenation �x implicit in UNIX
Match patterns in 

sequence

Kleene-star * *
Match pattern 0 or 

more times 

Kleene-plus + +
Match pattern 1 or 

more times
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!"#$%&'()*"'&+,-./(0&++"'/1
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Regular operations: Union

• In UNIX, to search for all lines containing vowels in a text one could use 

the command 

�± !"#!$ %& ! '(!(&()(* ’
– Here the pattern “vowel” is matched by any line containing a vowel.
– A good way to define a pattern is as a set of strings, i.e. a language.  

The language for a given pattern is the set of all strings satisfying the 

predicate of the pattern.
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!"#$%&'()*"'&+,)-./(0-,)-

• 1-(02134(+)(."&'56(7)'(&%%(%,-".(5)-+&,-,-#(8)9"%.(,-(&(+":+()-"(5)$%;($."(
+6"(5)<<&-;(
– !"#!$ %& `'(!(&()(* ’
– Here the pattern “!"#$%” is matched by any line containing a vowel.
– =(#));(9&>(+)(;"7,-"(&(*&++"'-(,.(&.(&(."+()7(.+',-#.4(,?"?(&(%&-#$&#"?((

@6"(%&-#$&#"(7)'(&(#,8"-(*&++"'-(,.(+6"(."+()7(&%%(.+',-#.(.&+,.7>,-#(+6"(
*'";,5&+"()7(+6"(*&++"'-?

• 1-(02134(&(*&++"'-(,.(,<*%,5,+%>(&..$<";(+)()55$'(&.(&(.$A.+',-#()7(+6"(
<&+56";(.+',-#.?(1-()$'(5)$'."4(6)9"8"'4(&(*&++"'-(-"";.(+)(.*"5,7>
+6"(96)%"(.+',-#4(-)+(B$.+(&(.$A.+',-#?(



1/40

!"#$%&'()*"'&+,)-./(0-,)-

�{ 1-(02134(+)(."&'56(7)'(&%%(%,-".(5)-+&,-,-#(8)9"%.(,-(&(+":+()-"(5)$%;($."(
+6"(5)<<&-;(
�± egrep -i `a|e|i|o|u’
�t �,���Œ�����š�Z�����‰���š�š���Œ�v���^vowel�_���]�•���u���š���Z���������Ç�����v�Ç���o�]�v�������}�v�š���]�v�]�v�P�������À�}�Á���o�X
�t =(#));(9&>(+)(;"7,-"(&(*&++"'-(,.(&.(&(."+()7(.+',-#.4(,?"?(&(%&-#$&#"?((

@6"(%&-#$&#"(7)'(&(#,8"-(*&++"'-(,.(+6"(."+()7(&%%(.+',-#.(.&+,.7>,-#(+6"(
*'";,5&+"()7(+6"(*&++"'-?

�{ 1-(02134(&(*&++"'-(,.(,<*%,5,+%>(&..$<";(+)()55$'(&.(&(.$A.+',-#()7(+6"(
<&+56";(.+',-#.?(1-()$'(5)$'."4(6)9"8"'4(&(*&++"'-(-"";.(+)(.*"5,7>
+6"(96)%"(.+',-#4(-)+(B$.+(&(.$A.+',-#?(

�{ C)<*$+&A,%,+>/(0-,)-(,.(":&5+%>(96&+(9"(":*"5+?(
17(>)$(6&8"(*&++"'-.(A DE&&';8&'FG4(B DEA)A5&+G4(C D(E56,<*&-H""G4
+6"($-,)-()7(+6"."(,. A�B �C DE&&';8&'F4(A)A5&+4(56,<*&-H""G?
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Regular operations: Concatenation

• To search for all consecutive double occurrences of vowels, use: 

�± egrep -i ! (a|e|i|o|u)(a|e|i|o|u���¶

– Here the pattern “!"#$%”  has been repeated. Parentheses have been 
introduced to specify where exactly in the pattern the concatenation is 

occurring.
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!"#$%&'()*"'&+,)-./(0)-1&+"-&+,)-

�{ 2)(."&'13(4)'(&%%(1)-."1$+,5"(6)$7%"()11$''"-1".()4(5)8"%.9($."/(
�± !"#!$ %&' ! ( )*!*&*+*, -( )*!*&*+*, ���¶

�t �,���Œ�����š�Z�����‰���š�š���Œ�v���^!"#$%�_�����Z���•���������v���Œ���‰�����š�����X���W���Œ���v�š�Z���•���•���Z���À�����������v��
,-+')6$1"6(+)(.*"1,4:(83"'"(";&1+%:(,-(+3"(*&++"'-(+3"(1)-1&+"-&+,)-(,.(
)11$'',-#<

�{ 0)=*$+&7,%,+:/(0)-.,6"'(+3"(*'"5,)$.('".$%+/(
&'> ?&&'65&'@9(7)71&+9(13,=*&-A""B<(

C3"-(8"(1)-1&+"-&+"( &'8,+3(,+."%4(8"()7+&,-/
&�x&'('?&&'65&'@9(7)71&+9(13,=*&-A""B(�x?&&'65&'@9(7)71&+9(13,=*&-A""B(>(
?&&'65&'@&&'65&'@9(&&'65&'@7)71&+9(&&'65&'@13,=*&-A""9(
7)71&+&&'65&'@9(7)71&+7)71&+9(7)71&+13,=*&-A""9(
13,=*&-A""&&'65&'@9(13,=*&-A""7)71&+9(13,=*&-A""13,=*&-A"" B
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!"#$%&'()*"'&+,)-./(0%""-"12

�{ 3"(4)-+,-$"(+5"(6789(":&;*%"/(-)<(."&'45(=)'(%,-".(4)-.,.+,-#(*$'"%>()=(
?)<"%.(@,-4%$A,-#(+5"(";*+>(%,-"B/
�± egrep -i `^(a|e|i|o|u���
���¶

�t 7)+"/(C(&-A(D(&'"(.*"4,&%(.>;E)%.(,-(6789('"#$%&'(":*'"..,)-.(<5,45(
'".*"4+,?"%>(&-45)'(+5"(*&++"'-(&+(+5"(beginning &-A(end )=(&(%,-"F(
G5"(+',4H(&E)?"(4&-(E"($."A(+)(4)-?"'+(&->(I);*$+&E,%,+>('"#$%&'
":*'"..,)-(,-+)(&-("J$,?&%"-+(6789(=)';F
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Regular operations: Kleene-*

• We continue the UNIX example: now search for lines consisting purely of 

vowels (including the empty line):

– egrep -i `^(a|e|i|o|u���
���¶

– Note: ^ and $ are special symbols in UNIX regular expressions which 

respectively anchor the pattern at the beginning and end of a line. 

The trick above can be used to convert any Computability regular

expression into an equivalent UNIX form.

• Computability:  Suppose we have a language B = {ba, na}. 

Question:  What is the language B*?
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!"#$%&'()*"'&+,)-./(0%""-"12

• 3"(4)-+,-$"(+5"(6789(":&;*%"/(-)<(."&'45(=)'(%,-".(4)-.,.+,-#(*$'"%>()=(
?)<"%.(@,-4%$A,-#(+5"(";*+>(%,-"B/
�± !"#!$ %&'()* +,!,&,-,. ���
���¶

– 7)+"/(C(&-A(D(&'"(.*"4,&%(.>;E)%.(,-(6789('"#$%&'(":*'"..,)-.(<5,45(
'".*"4+,?"%>(&-45)'(+5"(*&++"'-(&+(+5"(!"#$%%$%#&-A("%&)=(&(%,-"F(
G5"(+',4H(&E)?"(4&-(E"($."A(+)(4)-?"'+(&->(I);*$+&E,%,+>('"#$%&'
":*'"..,)-(,-+)(&-("J$,?&%"-+(6789(=)';F

• I);*$+&E,%,+>/((K$**)."(<"(5&?"(&(%&-#$&#"('( L(ME&N(-&OF(
P$".+,)-/((35&+(,.(+5"(%&-#$&#"(' 2Q

• R-.<"'/( '( 2(L(M(E&N-&O2(L(M�HN(E&N(-&N(E&E&N(E&-&N(-&E&N(-&-&N
E&E&E&N(E&E&-&N(E&-&E&N(E&-&-&N(-&E&E&N(-&E&-&N(-&-&E&N(-&-&-&N(
E&E&E&E&N(E&E&E&-&, … }
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!"#$%&'()*"'&+,)-./(0%""-"12

• 0%""-"12(,.(3$.+(%,4"(0%""-"15("67"*+(+8&+(+8"(*&++"'-(,.(9)'7":(+)(
)77$'(at least once;

• <=>?/((."&'78(9)'(%,-".(7)-.,.+,-#(*$'"%@()9(A)B"%.(C-)+(,-7%$:,-#(+8"(
"D*+@(%,-"E/
�± !"#!$ %& '() *+!+&+,+- )+$’
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Regular operations: Kleene-+

• Kleene-+ is just like Kleene-* except that the pattern is forced to 

occur !"#$%!&"#'()%.
• UNIX:  search for lines consisting purely of vowels (not including the 

empty line):

�± egrep -i `^(a|e|i|o|u�������¶

• Computability: 

Suppose we have a language *#= {ba, na}. 

What is * + and how does it defer from * *?
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!"#$%&'()*"'&+,)-./(0%""-"12

�{ 0%""-"12(,.(3$.+(%,4"(0%""-"15("67"*+(+8&+(+8"(*&++"'-(,.(9)'7":(+)(
)77$'(at least once;

�{ <=>?/((."&'78(9)'(%,-".(7)-.,.+,-#(*$'"%@()9(A)B"%.(C-)+(,-7%$:,-#(+8"(
"D*+@(%,-"E/
�± !"#!$ %& '() *+!+&+,+- )+$’

�{ F)D*$+&G,%,+@/(

H$**)."( B"(8&A"(&(%&-#$&#"(B I(JG&K(-&L;(
M8&+(,.(B2 &-:(8)B(:)".(,+(:"9"'(9')D( B5N

B2 I(JG&K(-&L2(I(JG&K(-&K(G&G&K(G&-&K(-&G&K(-&-&K(G&G&G&K(G&G&-&K(
G&-&G&K(G&-&-&K(-&G&G&K(-&G&-&K(-&-&G&K(-&-&-&K(G&G&G&G&K(
G&G&G&-&�U���Y��L

O8"()-%@(:,99"'"-7"(,.(+8"(&G."-7"()9(H
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!"#$%&'(#)(*'+%",&(-,.+%,+'$

• /0'.(,11"23.+(&'+%",&(#1'&,43#.$(4#(&'+%",&(",.+%,+'$5(&'+%",&(",.+%,+'$(
&'$%"46((70,4(3$5(&'+%",&(",.+%,+'$(,&'(8"#$'9%.9'&(40'(#1'&,43#.$(#)(
!"#$" 5(%$"%&'("&'#$"5(,.9()*(("( +:6((

• ;#,"<((=0#>(40,4(&'+%",&(",.+%,+'$(,&'(%*$,(-%.9'&(&'+%",&(#1'&,43#.$6(
?.(1,&438%",&5(+3@'.(&'+%",&(",.+%,+'$(. A(,.9( . B5($0#><

/0 . A(�‰. B(3$(&'+%",&5
10 . A(�x. B(3$(&'+%",&5
20 . A:(3$(&'+%",&6

• No.’s 2 and 3 are deferred until we learn about NFA’s. 
• C#>'@'&5(D#6(A(8,.(E'(,803'@'9(3FF'93,4'"26
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!"#$"%&'()*+,

�{ -.$/+,)0%%1.(2%34,%56%7$.%

L 8%9%x �• 9:;<=>%?%?'?8,@,"%$.%'%,"AB%2#34%<<=
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�>���š�[�•���•�š���Œ�š�����Ç�����Œ���Á�]�v�P���D! "#$%& ' (%
)*+%",)-.")-#%/+0-1#232#1%4! "#$%4'

�{ ! ! 5%6%"#�• 67(!89%:%"#*";%+<+#%=+#1)*8

�{ ! ' 5%6%"#�• 67(!89%:%"#+#$;%>2)*%!!%8
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!"#$%&'"()*#+,-.$)!+(&$#-.$'+()

�{ /%)0"($)$+).+(&$#-.$)")1'('$%)"-$+2"$+()3)$4"$)#%.+5('6%&)
"(7)&$#'(5&)8%9+(5'(5)$+)! :)+#)! ; <

�{ =,%">))?-'9,)3)&-.4)$4"$)'$)&'2-9"$%&)"#$%& :)"(,) & ; &'2-9$"(%+-&97
"(,)"..%@$)'1)%'$4%#)+1)$4%)"-$+2"$+(&)"..%@$&
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!"#$%&'"()*#+,-.$)!+(&$#-.$'+()

�{ /%)0"($)$+).+(&$#-.$)")1'('$%)"-$+2"$+()3)$4"$)#%.+5('6%&)
"(7)&$#'(5&)8%9+(5'(5)$+)! :)+#)! ; <

�{ =,%">))?-'9,)3)&-.4)$4"$)'$)&'2-9"$%&)"#$%& :)"(,) & ; &'2-9$"(%+-&97
"(,)"..%@$)'1)%'$4%#)+1)$4%)"-$+2"$+(&)"..%@$&

�{ A%1'('$'+(>))B4%)!"#$%&'"()@#+,-.$+1)$0+)&%$&)' "(,) ()
,%(+$%,)87)�#
H�� �á'&)$4%)&%$)+1)"99)+#,%#%,)@"'#&)C*D" E)
04%#%)* �• ' "(,) " �• ( <
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!"#$%&'()*+,+-+",

• Given two automata 
�/ �5 
L �:�3�5�á�-�á�Ü�5�á�M�5�á�(�5�; and �/ �6 
L �:�3�6�á�-�á�Ü�6�á�M�6�á�(�6�;

• Define the unioner of M1 and M2 by:
�/ �ë 
L �:�3�5 
H�3�6�á�-�á�Ü�5 
H�Ü�6�á�:�M�5�á�M�6�;�á�(�ë�;

- where the accept state �M�5�á�M�6 is the combined start state
of both automata

- where �(�ë is the set of ordered pairs in �3�5 
H�3�6with at least one 
state an accept state. That is: �(�ë 
L �3�5 
H�(�6 �ë�(�5 
H�3�6

- where the transition function �Gis defined as 
�Ü �M�5�á�M�6 �á�F 
L �Ü�5 �M�5�á�F�á�Ü�6 �M�6�á�F 
L �Ü�5 
H�Ü�6
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Union Example: !
1
�‰!

2

�{ When using the Cartesian Product Construction:

!

"

! !

!

!

!

"
"

"

""
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!"#$%&'()*"%+'",()*-&.)"$%*$'"(%

• !"#$%&'()*"%+'",()*&-%$&.(**,/0$1&2(%&$3-4.0$&-)&,)"$%*$'"(%5

• 6''$."& ()07&8#$)&/("#&$)9,):&*"-"$*&-%$&-''$."&*"-"$*;&<(&"#$&()07&
9,22$%$)'$&,*&,)&"#$&*$"&(2&-''$."&*"-"$*;&&=(%4-007&"#$&,)"$%*$'"(%(2&
> ?&-)9 > @,*&:,A$)&/7
�/ �ê 
L �3�5 
H�3�6�á�-�á�Ü�5
H�Ü�6�á�M�4�á�5�á�M�4�á�6 �á�(�ê �á8#$%$&�(�ê 
L �(�5 
H�(�6;
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Other constructions: Intersector

• !"#$%&'()*"%+'",()*&-%$&.(**,/0$1&2(%&$3-4.0$&-)&,)"$%*$'"(%5

• 6''$."& ()07&8#$)&/("#&$)9,):&*"-"$*&-%$&-''$."&*"-"$*;&<(&"#$&()07&
9,22$%$)'$&,*&,)&"#$&*$"&(2&-''$."&*"-"$*;&&=(%4-007&"#$&,)"$%*$'"(%(2&
> ?&-)9 > @,*&:,A$)&/7
�/ �ê 
L �3�5 
H�3�6�á�-�á�Ü�5
H�Ü�6�á�M�4�á�5�á�M�4�á�6 �á�(�ê �á8#$%$&�(�ê 
L �(�5 
H�(�6;

B/17CB/13C

B-13C B-17C B-1DC

B/1DC

E

?

E E

E

E

E

?
?

?

??
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Other constructions: Difference

�‡ The difference of two sets is defined by A - B = {x �• A | x �• B}

�‡ In other words, accept when first automaton accepts and 
second does not

�/ �? 
L �:�3�5 
H�3�6�á�-�á�Ü�5
H�Ü�6�á�M�4�á�5�á�M�4�á�6 �á�(�?�;,
where �(�? 
L �(�5 
H�3�6 
F �3�5 
H�(�6
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Other constructions: Difference

• The difference of two sets is defined by A - B = {x �• A | x �• B}

• In other words, !""#$%&'(#)&*+,-%&!.%/0!%/)&!""#$%-&!)1&
-#"/)1&1/#-& )/%

�/ �? 
L �:�3�5 
H�3�6�á�-�á�Ü�5
H�Ü�6�á�M�4�á�5�á�M�4�á�6 �á�(�?�;2
'(#,#& �(�? 
L �(�5 
H�3�6 
F �3�5 
H�(�6

3425634276

3!276 3!256 3!286

34286

9

:

9 9

9

9

9

:
:

:

::



!"#$%&'()*"%+'",()*-&./00$"%,'&1,22$%$)'$

�{ 3#$&*/00$"%,'&1,22$%$)'$(2&"4(&*$"*&56&7&,*&! �†"#8! �‰" 9! �ˆ "
�{ 5''$:"&4#$)&$;<'"=/&()$ <+"(0<"()&<''$:"*-

�/ �R 
L �:�3�5 
H�3�6�á�-�á�Ü�5 
H�Ü�6�á�M�4�á�5�á�M�4�á�6 �á�(�R�;!"#$%&%"�(�R 
L �(�ë 
F �(�ê
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!"#$%&'()*"%+'",()*-&./00$"%,'&1,22$%$)'$

�{ 3#$&*/00$"%,'&1,22$%$)'$(2&"4(&*$"*&56&7&,*&! �†"#8! �‰" 9! �ˆ "
�{ 5''$:"&4#$)&$;<'"=/&()$ <+"(0<"()&<''$:"*-

�/ �R 
L �:�3�5 
H�3�6�á�-�á�Ü�5 
H�Ü�6�á�M�4�á�5�á�M�4�á�6 �á�(�R�;!"#$%&%"�(�R 
L �(�ë 
F �(�ê
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'(!)*'(!+*

',!+* ',!)* ',!-*

'(!-*

.

/

. .

.

.

.

/
/

/

//
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!"#$%&#&'(

�‡ How about the complement? The complement is only defined 
with respect to some universe.

�‡ Given the alphabet 6, the default universe is just the set of all 
possible strings 6*. Therefore, given a language L over 6, i.e. 
L � 6* the complement of L is 6* - L

�‡ Note:  Since we know how to compute set difference, and we 
know how to construct the automaton for 6* we can construct 
the automaton for CL .
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Complement

• How about the complement? The complement is only defined 
with respect to some universe.

• Given the alphabet 6, the default universe is just the set of all 
possible strings 6*. Therefore, given a language L over 6, i.e. 
L � 6* the complement of L is 6* - L

• Note:  Since we know how to compute set difference, and we 
know how to construct the automaton for 6* we can construct 
the automaton for CL .

• Question: Is there a simpler construction forCL ? 
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Complement

�‡ How about the complement? The complement is only defined 
with respect to some universe.

�‡ Given the alphabet 6, the default universe is just the set of all 
possible strings 6*. Therefore, given a language L over 6, i.e. 
L � 6* the complement of L is 6* - L

�‡ Note:  Since we know how to compute set difference, and we 
know how to construct the automaton for 6* we can construct 
the automaton for CL .

�‡ Question: Is there a simpler construction forCL ? 

�‡ Answer: Just switch accept-states with non-accept states.
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!"#$%&#&'()*+,#$%&

! " #
$

%

%

$

$

&'()(*+,-

! " #
$

%

%

$

$

./01,202*3- "!
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Boolean-Closure Summary

• We have shown constructively that regular languages are closed under 

boolean operations.  I.e., given regular languages !
1 

and !
2 

we saw that:

"# !
1 
�‰!

2 
is regular,

$# !
1 
�ˆ !

2 
is regular,

%# !
1
��!

2 
is regular,

&# !
1 
�† !

2 
is regular,

'# �C!
1

is regular.

• No. 2 to 4 also happen to be regular operations. We still need to show 

that regular languages are closed under concatenation and Kleene-*.

• Tough question: Can’t we do a similar trick for concatenation?


